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1.1.1    Biology and measurements 
The cochlea is a fluid-filled organ located in the inner ear.   Its primary function is to 
perform mechanical pre-processing of incoming acoustical pressure waves and to convert 
this  energy  into  neural  impulses  that  are  sent  to  the  auditory  cortex.    In  addition  to 
amplifying input signals, the cochlea maps the motion induced by the various frequency 
components  of  a  sound  to  different  positions  along  the  cochlea.    This  spatial  filtering 
allows a large number of neuronal pathways, each with a limited bandwidth, to relay much 
of the information contained within the acoustical signal to the brain.  Figure 1.1 shows the 
cochlea’s location relative to the outer and middle ears. 
The middle ear bones, the malleus, the incus and the stapes, perform an impedance 
matching between the air in the outer ear and the fluid in the cochlea; this is achieved 
through the reduction in surface area between the eardrum and the stapes footplate, in 
addition to the lever arm that arises due to the geometric arrangement of these bones.  A 
more in-depth discussion of the middle and outer ears can be found in Appendix A. 
 
Figure  1.1:    The  cochlea  in  relation  to  the  outer  and  middle  ears.    Reproduced  from 
‘Hearing: an introduction to psychological and physiological acoustics,’ by S.A. Gelfand, 
Copyright (1998), with permission from Marcel Dekker. 
 
Sound waves incident upon the eardrum induce motion in the middle ear bones, 
which in turn cause the stapes footplate to produce pressure waves in the cochlear fluid.  
Figure 1.2 shows a simplified view of the scalae, or chambers, of an uncoiled cochlea.  The 
inward  displacement  of  the  stapes  at  the  oval  window  results  in  a  near-instantaneous 
outward  displacement  of  equivalent  volume  at  the  round  window  due  to  the 
incompressibility of the cochlear fluid.  This equalizes the overall pressure in the scalae 1 Introduction 
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(Pickles,  2003).    However,  a  slower  travelling  wave  (TW)  is  observed  on  the  basilar 
membrane (BM), a thin sheet of material in the cochlea.  This TW propagates from base to 
apex following a stimulus (von Békésy, 1949).  Figure 1.3 shows the instantaneous BM 
and fluid motion associated with the TW in the scalae produced by a tonal stimulus. 
 
Figure 1.2:  Schematic representation of the uncoiled cochlea.  Reproduced from ‘Hearing: 
an introduction to psychological and physiological acoustics,’ by S.A. Gelfand, Copyright 
(1998), with permission from Marcel Dekker. 
 
 
Figure  1.3:    Schematized  illustration  of  the  BM  travelling  wave  and  fluid  flow  given 
sinusoidal excitation at the stapes. Redrawn after Trends in Neurosciences, 21, Nobili, R., 
Mammano,  F.  and  Ashmore,  J.,  ‘How  well  do  we  understand  the  cochlea?’  159-167, 
Copyright (1998), with permission from Elsevier. 
 
The BM is stiff and narrow at the base of the cochlea and broadens to become wider 
and  floppier  at  the  apex,  as  schematized  in  Figure  1.2.    This  variation  in  the  BM’s 
mechanical properties results in a natural or ‘passive’ tuning of the response of the cochlea; 
higher frequencies resonate near the base, and lower frequencies near the apex.  At a given 
excitation frequency, speed of TW and its local wavelength decrease as it approaches its 
peak.  This effect is similar to the behaviour of ocean waves which get taller and narrower 
as  they  encounter  shallower  waters.    Mechanically  speaking,  a  TW  generated  by  a 1 Introduction 
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sinusoidal excitation travels quickly in the basal, stiffness-dominated region.  It then slows 
and reaches a peak at its resonant point where the BM impedance is lowest; this location is 
defined as the ‘characteristic place.’  Apical of the characteristic place, the impedance of 
the BM is mass-dominated and the TW is extinguished (von Békésy, 1949).  This spatial 
mapping  of  tones,  sometimes  referred  to  as  ‘tonotopy,’  is  further  enhanced  by  active 
elements located in the organ of Corti (OC), a set of specialized cells that sits on the BM.  
Figure 1.4 shows a cross-section of the cochlea and the three scalae, while Figure 1.5 
presents a detailed view of the OC. 
 
Figure 1.4:  Cross-section of a single turn of the cochlea.  Reproduced from ‘Hearing: an 
introduction  to  psychological  and  physiological  acoustics,’  by  S.A.  Gelfand,  Copyright 
(1998), with permission from Marcel Dekker. 
 
 
Figure 1.5:  Detail view of the organ of Corti.  Reprinted from Hearing Research, 22, Lim, 
D.J., ‘Functional structure of the organ of Corti: a review,’ 117-146, Copyright (1986), 
with permission from Elsevier. 1 Introduction 
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Figure  1.8:    Nonlinear  growth  and  compression  of  the  BM  response.    Redrawn  after 
Pickles, J.O., ‘An Introduction to the Physiology of Hearing,’ Second Edition, Copyright 
(1988), with permission from Elsevier. 
 
 
Figure 1.9:  Variation in the amplitude of the BM response with level. Reprinted from 
Pickles, J.O., ‘An Introduction to the Physiology of Hearing,’ Second Edition, Copyright 
(1988), with permission from Elsevier. 
 
It is important to note that many of the above observations and measurements are 
restricted to responses in the basal half of the mammalian cochlea.  This is due to the 1 Introduction 
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granted today, it met a great deal of scepticism when first proposed.  The field of cochlear 
mechanics in the 1940s was very much dominated by the research of Georg von Békésy, 
the scientist who discovered the existence of a tonally-generated travelling wave in the 
cochleae  of  human  cadavers  (von  Békésy,  1949;  Hall,  2000).    As  von  Békésy’s 
experimental work dealt with preparations of dead  cochleae, it is unsurprising that his 
conclusions regarding the mechanics of the organ were ‘passive’ in nature.  It would be 
another  three  decades  until  Gold’s  ideas  were  re-examined.    In  1978,  David  Kemp 
published findings of sounds measured in the ear canal that had a cochlear origin (Kemp, 
1978); thus, the field of otoacoustic emission (OAE) research was born. 
A generally used definition of an OAE is any sound that is generated from within the 
cochlea and externally measured (Hall, 2000).  For the purposes of this work, an OAE is 
defined as a variation in the pressure in the ear canal, or at the base of the cochlea, that was 
generated in the cochlea.  It is traditional in the literature to classify the emission type by 
the stimulus.  For instance, the self-oscillating emission that was predicted by Gold (1948) 
is now referred to as a spontaneous otoacoustic emission (SOAE), whereas emissions that 
are  generated  by  a  short  click  stimulus  are  termed  click-evoked  otoacoustic  emissions 
(CEOAEs).  This predominant system of nomenclature is adopted in this thesis for clarity 
and in order to directly compare model results with clinically-measured data. 
During  the  last  ten  years,  there  has  been  a  move  within  the  literature  toward  a 
consensus regarding the underlying causes of OAE generation.  Shera and Guinan (1999) 
proposed that OAEs arise due to both linear reflection and nonlinear distortion.  Cochlear 
reflections are believed to arise as a result of small imperfections at fixed locations along 
the BM, whereas distortion is thought to be a by-product of the (frequency-dependent, 
place-shifting)  nonlinear  amplification  process.    These  two  very  different  mechanisms 
have been contrasted as ‘place-fixed’ or ‘wave-fixed’ in the literature (Kemp, 1986).  It is 
now generally accepted that all forms of evoked emissions are a combination of both linear 
and  nonlinear  mechanisms,  though  the  dominance  of  each  generation  mechanism  in 
various circumstances is still being debated. 
There is also evidence to suggest that all forms of OAEs are related and directly tied 
to the sensitivity of hearing (Zwicker and Schloth, 1984; McFadden and Mishra, 1993; 
Talmadge and Tubis, 1998; Shera and Guinan, 1999).  Indeed, physiological insult can 
reduce or remove the presence of all forms of OAEs.  For this reason, evoked OAEs have 1 Introduction 
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SOAEs.  Still, another subset of researchers regards the TW as an epiphenomenon and 
believes local resonance and or ‘fast’ compression waves in the fluid to be dominant in the 
cochlea (Bell, 2001). 
This bewilderingly long list of only the most-oft-referenced models in the literature 
betrays the many varied (and often contradictory) views of how the cochlea functions.  
However, it is important to remember that the validity of any model is always restricted to 
a particular set of conditions.  One of the goals of this exploration is to simulate OAEs in 
humans given a mechanical representation of the cochlea.  As such, a relatively simple 
model  that  demonstrated  a  number  of  key  features  of  the  cochlea  was  selected  as  the 
starting point for the work presented in this thesis. 
1.3.1    the Neely and Kim (1986) model 
The model of Neely and Kim (1986) is an active, lumped-element representation of a cat 
cochlea.  It was published as a linear frequency-domain formulation, though its mechanical 
basis lends itself well to simulation in the time-domain.  While its publication date is but a 
few years shy of the birth date of the author, the Neely and Kim (1986) model nevertheless 
exhibits a number of fundamental characteristics of the cochlea: 
1.  inclusion of an active element in the cochlear micromechanics that enhances the 
amplitude of the TW 
2.  tonotopic tuning that is sharp when active and broad when passive 
These key features also allow for the simulation of OAEs when an appropriate middle ear 
representation  is  included.    In  addition,  the  model  is  based  upon  the  structure  of  the 
biology; this lends the investigator the ability to directly simulate the effect of measured or 
inferred  changes  in  physiology  by  applying  modifications  to  the  relevant  mechanical 
parameters (or vice versa).  For instance, the amplification provided by the active element 
is controlled by a scalar which is related to OHC function.  However, there is still some 
degree of uncertainty regarding the effective mechanical properties of the cochlea; as such, 
the parameters used here are inferred from known characteristics of the TW.  Research in 
this area is still ongoing (e.g. Newburg and Mountain, 2008). 
Through the course of this research  and deeper investigations of the literature,  a 
number of contradictions between simulation results and experimental measurements have 
become apparent.  These discrepancies are listed and discussed in Chapter 6. 1 Introduction 
   
 
19 
￿  Elliott, S.J., Ku, E.M. and Lineton, B. (2008).  ‘Time domain model of a nonlinear 
inhomogeneous cochlea,’ Proc. 10
th Int. Workshop on the Mech. of Hearing, Keele 
University, U.K. 
￿  Ku, E.M., Elliott, S.J. and Lineton, B. (2008).  ‘Instabilities in a state space model 
of the human cochlea,’ Proc. Int. Conf. Sound and Vibration (ICSV15), Daejeon, 
South Korea. 
￿  Ku, E.M., Elliott, S.J. and Lineton, B. (2008).  ‘Modelling threshold fine structure 
and  spontaneous  otoacoustic  emissions in  the  cochlea,’  Proc.  Brit.  Appl.  Maths 
Colloquium, Manchester, U.K. 
￿  Ku, E.M., Elliott, S.J. and Lineton, B. (2008).  ‘Does the human cochlea work like 
a laser?’ FESM Postgraduate Research Showcase, Southampton, U.K. 
￿  Ku,  E.M.,  Elliott,  S.J.  and  Lineton,  B.  (2007).    ‘Modelling  random  and  noise-
induced changes in the parameters along the length of the cochlea and the effect on 
hearing  sensitivity,’  BSA  Short  Papers  Meeting  on  Experimental  Studies  of 
Hearing and Deafness, London, U.K. 
￿  Elliott, S.J., Ku, E. and Lineton, B. (2007).  ‘Some effects of spatial randomness 
along the length of the cochlear on its performance,’ J. Acoust. Soc. Am. (153rd 
Meeting Acoust. Soc. Am.), 121, 3192. 
￿  Ku, E. and Elliott, S.J. (2007).  ‘Comparing time domain simulations of different 
nonlinear models of cochlear micromechanics,’ ARO Midwinter Research Meeting, 
Denver, USA. 
￿  Elliott, S.J., Ku, E. and Lineton, B. (2007).  ‘The stability of a cochlear model 
assessed  using  a  state  space  formulation,’  ARO  Midwinter  Research  Meeting, 
Denver, USA. 
￿  Elliott, S.J. Ku, E. (2006).  ‘Feedback control of vibration in the inner ear,’ Proc. 
International  Symposium  on  Active  Control  of  Sound  and  Vibration,  Adelaide, 
Australia. 
 2 the Neely and Kim (1986) Model 
   
 
33 
0.1 1 10
-80
-75
-70
-65
-60
-55
-50
-45
Frequency [kHz]
|
Y
B
M
|
 
[
d
B
 
r
e
:
 
1
 
(
m
/
s
)
/
P
a
]
 
 
a)
x = 20.48 mm
g = 1
g = 0
0.1 1 10
-2
-1
0
1
2
3
x 10
-3
Frequency [kHz]
Â
{
Y
B
M
}
 
[
(
m
/
s
)
/
P
a
]
b)
0.1 1 10
-0.2
-0.1
0
0.1
0.2
0.3
0.4
0.5
Frequency [kHz]
Ð
Y
B
M
 
[
c
y
c
l
e
s
]
c)
0.1 1 10
-2
-1
0
1
2
3
4
5
x 10
-3
Frequency [kHz]
Á
{
Y
B
M
}
 
[
(
m
/
s
)
/
P
a
]
d)
 
Figure  2.8.a-d:  Active  BM  admittance  magnitude  (a)  and  phase  (b)  for  the  isolated 
micromechanical model as a function of frequency at a location 20.48 mm from the base.  
The real (b) and imaginary (d) parts of the BM admittance are also presented.  Active 
responses (γ = 1) are shown with a solid line, whereas passive responses (γ = 0) are shown 
with a dashed line. 
2.3.2    Micromechanical stability analysis 
If a linear system includes active feedback, there is the possibility that it may become 
unstable  such  that  its  response  grows  without  bound.    Analyzing  the  stability  of  the 
micromechanical model can provide insight into the behaviour of the coupled cochlea.  It 
has been theorised that the spontaneous emission of sound from the cochlea is indicative of 
unstable oscillators in the cochlea (e.g. Duke and Jülicher, 2003).  It should be noted, 
however, that the stability of the individual micromechanical elements gives no guarantee 
of the stability of the coupled cochlea, as explained in more detail in the next chapter.  
Furthermore,  though  it  is  possible  to  determine  the  frequency  response  of  an  unstable 
system,  such  a  result  does  not  have  physical  significance  and  may  lead  to  the 2 the Neely and Kim (1986) Model 
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Figure 2.11: Isolated enhancement given γ = 1 (solid line, left axis) and minimum values of 
gain, γ, that lead to instability for various positions along the cochlea (dashed line, right 
axis). 
 
The predicted values of gain that lead to instability can be tested by examining the 
frequency  response  of  a  system  with  different  gains.    At  a  location  of  20.48  mm,  the 
stability analysis predicts that the model will become unstable at γ = 1.485.  Figure 2.12 
shows the admittance at this location given several values of γ above and below this value.  
While the change in the magnitude of the calculated admittance is almost imperceptible 
when the gain is increased from γ = 1.48 to γ = 1.49, the sign of the phase flips suddenly 
above the resonant frequency; this indicates that the system is unstable. 
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order to facilitate comparisons between these delays and the propagation of TWs in time 
domain simulations, as shown in the next chapter.   
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Figure 2.21: Distance to the characteristic place as a function of cochlear delay.  The active 
response is shown as a solid line, whereas the passive response is shown as a dashed line. 
The data shows that the group delay is longer when the system is active compared to when 
it is passive; this is consistent with physiologically measured results (e.g. Recio and Rhode, 
2000).    Another  feature  of  interest  is  how  many  cycles  of  phase  change  a  tonal  TW 
experiences from the base to its characteristic place. 
Figure 2.22 shows the total phase accumulated by the TW between the base and a 
given characteristic place as a function of frequency; these results are generated by taking 
the difference between the BM velocity’s phase lag at the  characteristic place and the 
phase lead at the base. 
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Figure 2.22: Total TW phase accumulation from the base to the characteristic place as a 
function of characteristic frequency. 2 the Neely and Kim (1986) Model 
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frequency  response  at  1  kHz  looks  normal.    This  potential  ambiguity  regarding  the 
observed instability of the frequency domain model is one of the reasons why there is a 
need  for  a  formulation  which  can  unambiguously  determine  the  stability  of  the  fluid-
coupled cochlea, as opposed to just that of individual micromechanical elements.  This 
matter is addressed in the following chapter. 3 State Space Formulation 
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Chapter 3 
 
3  State Space Formulation 
 
 
 
Many of the salient features of the biological cochlea, such as its wide dynamic range and 
the compressive growth of BM motion at moderate stimulus levels, are believed to be 
partly due to the nonlinearity of the CA (Pickles, 2003).  This key feature is omitted in 
many models because it greatly complicates analysis and nonlinear responses are also often 
time-consuming to simulate.  Toward the beginning of this investigation, a first attempt 
was made to study the compressive behaviour of the cochlea by implementing Kanis and 
de Boer’s (1993) quasi-linear model. 
The  quasi-linear  approach  seeks  to  approximate  nonlinear  behaviour  in  a  linear 
frequency  domain  model  of  cochlear  mechanics.    In  a  nutshell,  this  is  accomplished 
through an iterative process that evaluates the linear BM velocity and a compressed OHC 
pressure in order to generate a quasi-linear CP impedance; this then becomes the basis for 
the  next  iteration  of  linear  and  compressed  results  until  the  responses  converge.    This 
procedure  has  the  advantage  of  computational  speed,  as  all  of  the  calculations  are 
performed  in  the  frequency  domain.    However,  this  methodology  is  still  restricted  to 
analysing steady state responses to tonal stimuli, while many interesting features of the 
cochlea are only transiently expressed.  Furthermore, the application of this framework to 
the Neely and Kim (1986) model generated frequency responses that seemed indicative of 
reflections and instability.  This revealed the need for a rigorous test of a model’s stability, 
as instability in a frequency domain model invalidates its results. 
While  procedures  exist  to  check  the  stability  of  frequency-domain  models,  these 
methods  often  involve  calculating  the  system’s  frequency  response  at  many  different 3 State Space Formulation 
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exists  in  a  human  cochlea  is  unknown,  so  a  range  of  perturbations  are  applied.  
Inhomogeneities are applied to the smooth spatial variation of feedback gain with band-
passed random waveforms exhibiting a Gaussian distribution.  A 5
th order Butterworth 
filter was chosen for its characteristically flat passband (Lineton, 2001). 
Figure 3.9.a-d shows the stability of two models, each with a different distribution 
of feedback  gains; panels c-d show the upper arm of poles in detail.  The low corner 
wavenumber of the bandpass filter used to determine the random spatial variations was 
fixed at 35 mm, the length of the cochlea, in order to avoid introducing large DC shifts in 
the gain.  The high corner wavenumber was set to a different value for each model, one 
close to the spatial discretisation limit thus generating a ‘rough’ distribution, and one closer 
to the low corner wavenumber thus generating a ‘smooth’ distribution.  A more rigorous 
definition of ‘rough’ and ‘smooth’ distributions is introduced in the next chapter. 
 
Figure 3.9.a-d: Stability of two models given smooth (a, c) and rough (b, d) distributions of 
feedback  gain.    Panels  (c)  and  (d)  show  a  zoomed-in  view  of  panels  (a)  and  (b), 
respectively. 3 State Space Formulation 
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only the last 30 ms (90 cycles) of data are analysed.  The envelope of the response was 
extracted by evaluating  the maximum values of BM velocity as a function of position 
across time.  Qualitatively similar results were calculated when the RMS amplitude as a 
function of position was calculated; however, the fine structure of the response is better 
resolved by taking the maximum value.  The phase of the response was calculated by 
evaluating  the  discrete  Fourier  transform  (DFT)  at  3  kHz  at  each  position  along  the 
cochlea.  This data is plot along with the frequency domain result generated by the state 
space model in Figure 3.13. 
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Figure 3.12: The first 20 ms of stapes acceleration that serves as an input to the time 
domain simulation.  The stapes acceleration (dotted, light) is scaled by a half-Hanning 
window of duration 10 ms (dashed, thick).  The resultant windowed stapes acceleration is 
presented as a solid black line. 
 
The  time  domain  simulation  required  approximately  8  hours  to  complete  on  a 
desktop computer with a 3.4 GHz Pentium 4 processor and 2 gigabytes of RAM when tight 
absolute and relative error tolerances of 10
-15 and 10
-13 were set, respectively. In contrast, 
the  state  space  frequency  domain  simulation  required  approximately  18  seconds  to 
complete.    For  comparison,  the  frequency  domain  model  described  in  Chapter  2  can 
compute the response at a single frequency in approximately 43 ms.  The noise floor of the 
frequency  domain  response  is  approximately  150  dB  below  that  of  the  time  domain 
simulation in Figure 3.13. 
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Figure  3.13:    Magnitude  and  phase  of  a  3  kHz  stimulus  tone  plotted as  a  function  of 
position along the cochlea.  Results are obtained from a linear time domain simulation 
(solid line) and a state space frequency domain simulation (dashed). 
 
However, frequency domain results cannot show the evolution of the response in time.  
The first 30 ms of the 3 kHz BM velocity response along the cochlea are shown in Figure 
3.14 as a mesh plot. 
There appears to be no activity in the first 4 ms or so of Figure 3.14; this is simply 
due to the fact that the amplitude of the response is much smaller at this time frame when 
compared to later time frames where the stimulus is no longer windowed.  The positive 
‘slope’ of the undulations on the mesh indicates that the TW is propagating forward with 
increasing time.  Note, however, how the slope becomes much less steep near the peak of 
the  response;  this  indicates  that  the  TW  is  much  slower  in  the  region  of  the  peak,  as 
expected.  Beyond this point spatially, the TW is quickly extinguished. 3 State Space Formulation 
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Figure 3.17.a-b: Mesh of the first 30 ms of BM velocity given a 3 kHz input tone at a) 45 
dB SPL and b) 90 dB SPL in a nonlinear cochlea. 3 State Space Formulation 
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intervals  along  the  cochlea.    Vertical  lines  at  the  best  places  of  multiples  of  the 
fundamental tone indicate that these peaks are likely due to distortion. 
Figure  3.19.a-d  shows  the  normalised  growth  of  several  different  harmonic 
components  of  the  BM  response,  as  obtained  by  taking  the  Fourier  Series  of  the  BM 
velocity at each location. 
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Figure 3.19.a-d:  Normalised growth curve of a) the 1.5 kHz component, b) the 3 kHz 
component, c) the 6 kHz component, and d) the 9 kHz component of the BM response as a 
function of position along the cochlea. 
 
It  is  important  to  remember  that  only  a  3  kHz  tone  is  being  applied;  the  various 
components  at  1.5,  6  and  9  components  shown  in  Figure  3.19  seem  to  be  a  result  of 
harmonic distortion.  The various harmonic components of the BM response also grow at 
different rates.  Figure 3.20 plots the growth of these components at several positions along 
the cochlea. 
   3 State Space Formulation 
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Figure 3.20.a-c: Growth of distortion components generated a) at the 3 kHz place; b) near 
(±~1 mm about) the best places of the distortion frequencies; c) at the 6 kHz place. 
 
Figure  3.20  shows  that  the  nonlinear  cochlear  model  has  compressed  120  dB  of 
stimulus intensities at the 3 kHz harmonic component into a much smaller dynamic range, 
approximately  60  dB  of  BM  motion.    The  3  kHz  level  curve  appears  to  have  corner 
amplitudes of approximately 5 dB SPL and 70 dB SPL where the BM response transitions 
from linear growth to compressive growth, and then back to linear growth.  In order to 
match the growth curve to commonly measured values in animals where corner amplitudes 
are  approximately  30  and  90  dB  SPL,  as  given  by  Pickles  (2003)  for  instance,  the 
saturation point along the entire cochlear model could be shifted up by a factor of 10.  
However, it would be advisable to complete a more exhaustive study of growth curves at 
different frequencies (and thus locations along the cochlea) before adjusting simulation 
parameters as this is very recent work.  It may be that the growth curve of the model’s 3 State Space Formulation 
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The simulation of nonlinear cochlear responses in the time domain is an area that 
requires a considerable amount of further work.  As discussed at the start of this chapter, 
the most significant downside of such investigations is the computational cost.  The total 
cpu time required for the thirty-one simulations of 100 ms of data was approximately 490 
hours.  The total duration of a given simulation is a complicated function of applied error 
tolerances and the relative magnitude of the motion in the cochlea, the latter of which is 
dependent on driving amplitude and stability.  In order to calculate the model’s response at 
a  single  position  to  a  wide  range  of  frequencies  and  stimulus  levels,  as  is  sometimes 
performed experimentally (see Figure 1 of Cooper (1998), for example), many hundreds of 
computer-hours would be the required. 
In the next chapter, instabilities in the cochlear model are studied in terms of their 
generation mechanisms and characteristics.  Further time domain simulations of unstable 
cochleae  continue  to  show  that  there  is  much  greater  complexity  in  the  response  of 
nonlinear models than is predicted by linear theory. 
 4 Spontaneous Otoacoustic Emissions 
   
 
98 
 
 
 
Figure 4.5.a-h: Stability plots models with 8 different values of λsin. 
Note that the inset sinusoidal distributions of gain are sampled more densely than the 
discretisation size of the model for clarity. 4 Spontaneous Otoacoustic Emissions 
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Figure 4.7.a-h:  Average undamping ratio of the instabilities that fall within half-octave 
bands as λsin is varied.  The sinusoidal wavelength that generates the strongest instability in 
each band is marked by a vertical line 
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Figure 4.8.a-h: Total count of the instabilities that fall within half-octave bands as λsin is 
varied.  The sinusoidal wavelength that generates the strongest instability in each band is 
marked by a vertical line. 
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Figure  4.16.a-c:  Variation  of  the  magnitudes  of  various  frequency  components  of  the 
pressure at the base with time in an unstable cochlea.  Linearly unstable and near-unstable 
frequencies  are  shown  in  panels  (a)  and  (b),  respectively,  while  harmonic  distortion 
frequencies are shown in panel (c).  Every curve consists of 15 data points, where each 
value represents the DFT of 200 ms of data with no overlap between adjacent windows. 4 Spontaneous Otoacoustic Emissions 
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This response is further clarified in Figure 4.21, which shows the BM velocity at 
locations basal to-, within-, and apical of the perturbed region.  As with the simulation of a 
single unstable pole in the previous subsection, only locations near the inhomogeneities 
exhibit much activity after the initial stimulus has decayed away.  However, the activity in 
this randomly perturbed region, as shown in Figure 4.21.b, is clearly more complicated 
than  the  equivalent  plot  of  the  step-perturbed  response,  as  previously  given  in  Figure 
4.14.b. 
 
 
Figure  4.20:  Mesh  of  BM  velocity  in  the  first  60  ms  of  a  nonlinear  simulation  of  an 
unstable cochlear model; the stability of this system is shown in Figure 4.19. 
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The range of these frequency components extends from 0.083 kHz all the way up to 3.7 
kHz.  This wide range of activity is the result of the nonlinear interactions of only five 
linearly  unstable  poles.    The  ‘new’  frequencies  that  were  not  predicted  by  the  linear 
stability analysis can be attributed to both harmonic and intermodulation distortion.  For 
instance, the peak at 2.455 kHz and -48 dB SPL appears to be the second harmonic of the 
linearly unstable limit cycle at 1.227 kHz.  Similarly, the lowest frequency peak at 0.084 
kHz and -40 dB SPL appears to be a difference tone resulting from the limit cycles of the 
two linearly unstable frequencies at 1.227 kHz and 1.143 kHz.  What is also interesting 
about Figure 4.22 is that only three of the five linearly unstable frequencies are expressed 
in the last 2000 ms of the simulation.  The limit cycle frequencies that do persist are all 
within 0.1% of the linearly predicted unstable frequencies. 
In  order  to  understand  the  time-evolution  of  the  various  frequency  components, 
Figure 4.23 shows the spectrum of the pressure at the base, calculated over four different 
time frames.  Only a tight range of frequencies near the linearly unstable frequencies are 
shown for clarity.  In the earliest frame, shown in panel (a), there are peaks at each fully-
unstable  and  near-unstable  frequency  as  predicted  by  linear  stability  analysis.    As  one 
might intuitively expect from the response of linear systems, the magnitude of each peak is 
directly related to the magnitude of the real part of the corresponding pole.  As the time 
window is shifted later in time and further away from the initial stimulus, some of these 
initial  peaks  begin  to  recede  in  amplitude.    Almost  all  of  the  (linearly)  near-unstable 
frequencies have fallen to the noise floor by panel (d).  In addition, other distortion-related 
frequencies begin to rise at later time frames as well. 
The variation of the amplitudes of different components of the pressure response is 
charted  as  a  function  of  time  in  Figure  4.24.    Three  separate  panels  show  the  DFT 
magnitudes  of  the  linearly  unstable,  linearly  near-unstable,  and  a  number  of  predicted 
distortion product frequencies. 
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Figure  4.24.a-c:  Variation  of  the  magnitudes  of  various  frequency  components  of  the 
pressure at the base with time in an unstable cochlea.  Linearly unstable and near-unstable 
frequencies  are  shown  in  panels  (a)  and  (b),  respectively,  while  distortion  product 
frequencies are shown in panel (c).  Every curve consists of 15 data points, where each 
value represents the DFT of 200 ms of data with no overlap between adjacent windows. 4 Spontaneous Otoacoustic Emissions 
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that this additional linear transform is left to future work.  However, it is known that the 
middle ear primarily acts as a band-pass filter, with a pass region of approximately 0.5 – 2 
kHz.  At the peak near 1 kHz, the reverse pressure transfer function is approximately -30 
dB SPL in magnitude.  The stronger limit cycles generated in this chapter’s simulations 
had magnitudes at approximately 0 dB SPL at the base, which are clearly too low to be 
measured in the ear canal.  However, it is very simple to adjust the magnitudes of limit 
cycles by revising the overall saturation point, δ, in the Boltzmann nonlinearity.  A higher 
overall  saturation  point  will  simply  shift  up  the  (steady  state)  saturated  response 
accordingly.    Furthermore,  results  in  the  previous  chapter  also  suggest  that  this  value 
(currently 1 nm) is too low. 
There is a great deal of future research that can be pursued following these results; 
these  ideas  are  discussed  in  Chapter  6.    The  next  chapter  takes  a  step  back  from  the 
boundary of stability to analyze the system’s response to clicks.  Both linear and nonlinear 
simulations  are  performed,  but  all  cochleae  are  stable  to  simplify  the  interpretation  of 
results. 5 Click Evoked Otoacoustic Emissions 
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Chapter 5 
 
5  Click Evoked Otoacoustic 
Emissions 
 
 
 
Along with spontaneous emissions, the existence of physiologically vulnerable and level-
dependent transient evoked otoacoustic emissions (TEOAEs) supports the notion that a 
nonlinear, active mechanism is at work in the human cochlea.  To be consistent with the 
rest of the thesis, a TEOAE is defined here as a variation in pressure at the stapes or in the 
ear canal that is generated in the cochlea. 
As discussed previously, the mammalian cochlea distributes and amplifies the energy 
of a signal’s frequency components to various positions along the CP, according to its 
frequency-to-place  map.    It  is  also  understood  that  deviations  from  the  smooth  spatial 
variation of the CA, or other mechanical properties of the CP, can cause reflections of 
forward-travelling waves in the cochlea.  Thus, when an impulsive excitation is introduced 
at the base of the cochlea, the various frequency components of the click reach maxima at 
their characteristic places and are most strongly reflected from these locations.  However, 
the  group  delay,  or  the  time  required  for  a  TW  to  reach  its  characteristic  place,  is 
frequency-dependent.  The round-trip travel time for a wavelet to propagate from the base 
to its characteristic place and back is thus referred to as the frequency-dependent TEOAE 
latency.  The highest frequency components return to the stapes first because they peak 
sooner in time  and closer in longitudinal distance from the base,  relative to the lower 
frequencies.  This finding was first presented by Kemp (1978), who recorded TEOAEs in 
humans following both clicks and four cycle-long tone-burst stimuli from the ear canal.  5 Click Evoked Otoacoustic Emissions 
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Figure  5.1.a-d:  Response  of  linear  cochlear  models  due  to  a  100   s  pulse  of  volume 
displacement equivalent to 20 dB SPL: a) baseline active model; b) active model with 
inhomogeneities;  c)  baseline  passive  model;  d)  difference  between  (b)  and  (a).    The 
predicted group delay for an active baseline cochlea are overlaid in solid black for (a,b,d).  
The predicted group delay for a passive baseline cochlea is overlaid in dashed black for (c).  
Three times the group delay of the active case is overlaid in dash-dotted black in (d). 
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Figure 5.3.a-d: (a) and (b) show normalised BM displacement at 1.33 mm and 13.96 mm in 
a baseline linear cochlea due to a standard click with variations in gain from fully active (γ 
=  1,  bottom)  to  entirely  passive  (γ  =  0,  top).    The  relative  scales  of  the  maximum 
displacements are plotted as error bars and scalar factors on the right.  (c) and (d) plot the 
locations of the peaks of the response given the same progression from active to passive. 
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Figure 5.4.I-II.a-d: (I) The response of the baseline active cochlea given a standard click at 
20 dB SPL, compared with (II) the perturbed, stable model of Figure 5.2.  Pressure at the 
stapes (left panels) and the ear canal (right panels) given short time windows (a and b) and 
long time windows (c and d). 5 Click Evoked Otoacoustic Emissions 
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Figure 5.8.a-d: Nonlinear cochlear response of model presented in Figure 5.2 due to a 
standard click at 4 stimulus levels: (a) 0 dB SPL, (b) 39 dB SPL, (c) 78 dB SPL and (d) 
117 dB SPL.  The cochlear group delay is plotted for a baseline active cochlea as a solid 
line (a-c).  The cochlear group delay is plotted for a baseline passive cochlea as a dashed 
line in (d). 
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(a) xb at x = 1.33mm with level
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(b) xb at x = 13.96mm with level
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(c) Temporal location of peaks at 1.33mm
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(d) Temporal location of peaks at 13.96mm
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(e) Temporal location and Amplitude of peaks at 1.33mm
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Figure 5.9.a-f: (a - b) show displacement at 1.33 mm and 13.96 mm in a baseline cochlea 
due to a standard click with variations in stimulus level from 0 dB (bottom) to 120 dB SPL 
(top).  (c - d) plot the locations of the peaks given the same progression from linear to 
saturating, and (e - f) plot the magnitude of the displacement at the peak with time×CF. 5 Click Evoked Otoacoustic Emissions 
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For instance, the oscillations in the fine structure response at moderate stimulus levels 
persist longer than a linear simulation with a moderate feedback gain.  Furthermore, panels 
(c) and (d) show the peaks of the waveform moving slightly earlier in time with increasing 
amplitude.  This result is different from the analogous linear simulations, shown in Figure 
5.3.c-d.  Panels (e) and (f) show the same data of (c) and (d), but instead of plotting the 
results  as  a  function  of  the  driving  amplitude,  they  are  plotted  as  a  function  of  the 
magnitude of the displacement at the peaks of the waveform.  This shows the saturation of 
the BM responses relative to the temporal changes in the peak location. 
Figure 5.10 shows the variation of RMS displacement as a function of stimulus level, 
calculated over the first 30 cycles of the response at several locations in an active baseline 
model; the CF at each location was applied to determine the duration of one cycle.  The 
interpretation and speculation regarding these results are left to the discussion at the end of 
this chapter. 
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Figure  5.10.a-d:    Nonlinear  growth  of  the  baseline  active  model:  BM  displacement  at  4 
positions  along  the  BM.    RMS  values  are  calculated  over  the  first  30  cycles  at  each 
characteristic frequency when γ = 1. 5 Click Evoked Otoacoustic Emissions 
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Figure  5.11.a-b:  Directly-determined,  normalised  CEOAE  pressure  response  from  the 
nonlinear model at the stapes (a) and in the ear canal (b) due to a standard click at a wide 
range of stimulus levels. 
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Figure  5.12.a-b:  Detailed  view  of  the  normalised  directly-determined  CEOAE  pressure 
response at the stapes (a) and in the ear canal (b) due to a standard click between stimulus 
levels of 78 to 96 dB SPL. 
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Figure 5.13.a-d: CWT-derived latencies in 11 frequency bands at all stimulus levels.  A 
solid line marks the predicted latency for an active baseline cochlea in (a) and (b), while a 
dotted line marks the predicted latency for a passive baseline cochlea.  (c) and (d) plot the 
same data, but also against stimulus level. 
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and  Ruggero,  2001).    The  source  of  this  mysterious  result  may  be  the  form  of  the 
Boltzmann nonlinearity in the model. 
The values of the Boltzmann function chosen to saturate the input to the feedback 
force give rise to a non-symmetrical input-output curve, as shown in Figure 3.15.  Figure 
3.15.b illustrates that the slope of the nonlinearity is unity at small input values.  This 
ensures a perfectly linear response at low stimulus levels, as shown by the BM responses 
of Figure 3.18 and Figure 3.20.  At moderate input levels, the slope of the nonlinearity 
becomes non-symmetrical and actually exceeds unity for positive inputs.  This effectively 
turns  up  the  gain  (for  positive  inputs)  and  may  explain  the  greater-than-unity  growth 
curves mentioned above. 
6.2.2    OAEs 
Many aspects of the OAEs simulated by the model in this thesis match experimentally 
measured  results  (i.e.  spacings  between  linear  instabilities  and  frequency-dependent 
CEOAE latencies).  However, the magnitudes of the simulated OAEs are typically 20-40 
dB lower than equivalent published results.  This is very straightforward to remedy in the 
simulation of SOAEs, as generated by limit cycle oscillations in the nonlinear cochlea.  
Increasing the saturation point of the nonlinearity in the CA by a factor of 10, for example, 
would cause a corresponding +20 dB shift in the magnitudes of the limit cycle oscillations.  
This modification has support from the nonlinear simulations of BM growth curves due to 
a 3 kHz tone, as shown in Figure 3.20.a.  This figure shows that the fundamental response 
transitions  from  low-level  (linear)  to  moderate-level  (compressive)  growth  at 
approximately 5 dB SPL; in experimental results of BM motion, this first ‘corner’ in the 
growth curve is typically measured at ~30-40 dB SPL (Cooper, 1998; Robles and Ruggero, 
2001).  Thus, by increasing the saturation point by a factor of 10 (or more), the ‘corner’ in 
the growth curve would shift up and come more in line with experimental measurements. 
The magnitudes of the linear results are somewhat more difficult to correct.  One 
contributing factor to the offset may be the assumed input impedance of the cochlea when 
calculating the stapes acceleration given a volume displacement in the ear canal.  This was 
set at a flat value of 1.1*10
10 Acoustic Ohms early in the work, before the model was 
revised.  Current calculations (see Figure 3.11) show that this is a slight overestimate of the 
actual cochlear input impedance.  However, this correction would be a minor improvement 6 Conclusions and Suggestions for Further Work 
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Keefe,  2005),  but  no  satisfactory  generation  mechanisms  have  been  agreed  upon.    A 
variety  of  different  stimuli  and  variously-perturbed  models  may  help  determine  if  the 
ESLE is a nonlinearly distorted reflection of the input, or due to some other mechanism.  
Further nonlinear simulations of CEOAEs are also necessary to determine if the sharp 
transition from long to short latencies with increasing amplitude observed in the current 
model persists when a large set of results is averaged. 
The dominant mechanism for the generation of SOAEs and CEOAEs in this model 
appears to be reflection; this is in accordance with the taxonomy of OAEs described by 
Shera and Guinan (1999).  While the nonlinear state space model clearly shows evidence 
of distortion, a detailed study of DPOAEs and other distortion-related phenomena has not 
yet been undertaken.  Such simulations may reveal some finer details of the wave-fixed 
mode of DPOAE generation and propagation.  In anticipation of this work, it would be 
instructive to simulate SFOAEs in order to ground the research. 
Lastly, a more rigorous approach to quantifying the reflection in the cochlear model 
due  to  inhomogeneities  would  help  clarify  results.    This  could  be  accomplished  by 
decomposing the pressure and motion at each position into to forward- and backward- TW 
components, perhaps using the WKB-method as applied by Zweig (1991) or Neely and 
Allen (2008).  There are, however, difficulties concerning the underlying assumptions of 
this method in a nonlinear system such as the cochlea. 
6.3.3    Wider topics of research 
Within the field of cochlear modelling, the Neely and Kim (1986) framework represents a 
compromise between a completely phenomenological representation and an ultra-detailed 
3D finite element model of the cochlea.  The model is not so complex that more detailed 
investigations become prohibitively expensive in terms of computation time, and yet it 
based in the physics of the cochlea.  For this reason it is well-suited to study the nonlinear 
characteristics and interactions of TWs along the CP, given the computational limits at this 
time. 
The propagation of a second TW mode along the TM is another area of study that is 
becoming more widely studied in the field of cochlear mechanics (Hubbard and Mountain, 
1996).  Whether longitudinal coupling through the TM in a model as reduced as the Neely 
and Kim (1986) formulation would produce any worthwhile results is uncertain.  However, 6 Conclusions and Suggestions for Further Work 
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the system studied in this investigation and its various lumped element parameters do have 
direct correlates to the physical structure of the biology.  An important area of future work 
consists  of  further  collaboration  with  experimentalists  to  determine  physiologically 
plausible  parameters  for  cochlear  models.    It  is  also  possible  that  simulations  with 
complex, three-dimensional finite element models based on physiological measurements 
(e.g. Meaud and Grosh, 2008) may suggest more appropriate parameters for simplified 
models.  This would be particularly useful if the goal is to simulate a physical abnormality 
in the cochlea, sensorineural hearing loss for instance. 
The author strongly believes that the mechanical modelling of cochlear pathology is 
a crucially important research focus.  The mammalian cochlea is a fascinating system to 
study, full of unexpected nonlinear phenomena and complexities.  Although there is still a 
great deal of basic research to be done on this sensory organ, it is important to be mindful 
of the wider implications of its study.  For instance, more than 8% of the population of 
many developed countries suffer from significant sensorineural hearing loss.  In addition, 
approximately 90% of all hearing loss in adults is due to cochlear malfunction (Jesteadt, 
1997).  Thus, it is hoped that the work presented in this doctoral thesis may begin to 
provide some insight into the inner workings of the cochlea for any researchers interested 
in studying the mechanisms of hearing loss in the future. 
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Appendix A 
 
A  Middle Ear and Ear Canal Model 
 
 
 
The primary function of the middle ear, as shown in Figure A.1, is to match the relatively 
low impedance of the air in the ear canal to the relatively high impedance of the cochlear 
fluid, thus ensuring efficient transfer of acoustical energy.  However, the middle ear and 
ear canal each add their own signature to the forward- and reverse-transmission of sounds; 
these characteristics also impact the middle ear boundary impedance at the base of the 
cochlea.    In  this  appendix,  the  forward-  and  reverse-transmission  characteristics  of  a 
middle  ear  and  ear  canal  model  are  illustrated  in  the  context  of  frequency-  and  time-
domain  simulations.    In  addition,  the  impedance  of  the  middle  ear  and  ear  canal  as 
measured from the cochlea is modelled in a manner such that it can be easily incorporated 
into the state space model. 
 
Figure A.1  The human auditory system.  Note this figure is not to scale. Reproduced from 
‘Hearing: an introduction to psychological and physiological acoustics,’ by S.A. Gelfand, 
Copyright (1998), with permission from Marcel Dekker. Appendix A 
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represent a source of experimental error if one attempts to study stimulus-frequency OAEs 
with this model.  Nevertheless, the input impedance of the cochlea should not change 
appreciably during the brief input applied by a click stimulus, for instance.  Thus, this 
implementation of the middle and outer ears can be considered valid for the investigations 
presented in this thesis. 
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Appendix D 
 
D Growth Curves of CEOAEs 
 
 
 
The growth of the RMS CEOAE amplitude is compared over different time windows in 
this appendix.  Figure D.1.a-d shows the growth rates of the DNL- and DD- CEOAEs in 
short (a, b) and long (c, d) time windows.  This is derived from the CEOAEs plotted in 
Figure 5.11and Figure 5.14. 
As the stimulus amplitude is increased from linear to moderately saturating levels, 
the DD CEOAE increases at a rate that is slightly less than linear and the DNL CEOAE 
rises at a slope greater than unity.  These results make sense, as the CA is only beginning 
to saturate.  At moderate levels, starting around 40 dB SPL, the amplitude of the directly-
determined CEOAE begins to level off and decrease.  Again this matches expectations: as 
the  CA  reaches  its  heavily-saturating  region,  the  variations  in  γ(x)  due  to  the 
inhomogeneities should become less significant due to the near-passive behaviour of the 
cochlea, thus reducing the level of reflections.  What is contrary to predictions is the linear 
rise in CEOAE amplitude at stimulus levels > 72 dB SPL in the first ms (a, b), and > 96 dB 
SPL in the latter 20 ms (c, d).  This may be due to reflections resulting from the passive 
mechanics of the cochlear model. 
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Figure D.1.a-d: Growth curves of CEOAE amplitude in (a, b) the first ms, and (c, d) the 
last 20 ms.  Response at the stapes is shown in the left panels (a, c) and the response at the 
ear canal is shown on the right panels (b, d). 
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